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Introduction

• The goal of optimization is to find the optimal
(maximum or minimum) value of a function.

• We will get introduced to basic ideas in optimization
in this class.
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Root Finding and Optimization

• Root location and optimization are related; both
involve searching for a point on a function.

• Locating a root involves searching for zeroes; opti-
mization searches for minimum or maximum.

• The optimum is the point where the curve is flat.

• In mathematical terms, finding the optimum in-
volves finding the value of x where f !(x) = 0.

• If f !!(x) < 0, we have a maximum and if f !!(x) > 0,
we have a minimum at the point.
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Optimization Using Root Finding

• One can use root finding techniques for finding op-
tima of a function.

• Di!erentiate the function first and then locate the
roots (zeros) of the derived function to find optima.

• Note that such searches are often complicated be-
cause f !(x) may not be available analytically.
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Mathematical Specification

• An optimization problem is specified as:
Find x that minimizes f(x) subject to

di(x) " ai i = 1,2, · · ·m (1)

ei(x) = bi i = 1,2 · · · p (2)

• Classification of optimization problems:

– If f(x) and the constraints are linear, we have
linear programming.

– If f(x) is quadratic and the constraints are linear,
we have quadratic programming.

– If f(x) is not linear or non-quadratic and/or the
constraints are nonlinear, we have nonlinear pro-
gramming.
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Constraints and Dimensionality

• When in an optimization problems, constraints such
as (1) and (2) are used, we have a constrained op-
timization problem. Without the constraints, we
have an unconstrained optimization problem.

• One-dimensional problems involve functions that de-
pend on a single variable. The search consists of
climbing or descending one-dimensional peaks and
valleys.

• Multi-dimensional problems involve functions of two
or more variables. E.g., in 2-D, optimization can be
visualized as searching for peaks and vallyes in 2-D.

5



Minimization vs. Maximization

• Finding a maximum is the same as finding a mini-
mum because the same x# minimizes f(x) and max-
imizes $f(x).
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Methods Discussed in Detail

• One-dimensional unconstrained optimization: Find
the minimum or maximum of a function of single
variable using golden-section search, quadratic in-
terpolation and Newton’s method.

• Multi-dimensional unconstrained optimization: Di-
rect methods such as random searches do not need
derivative computation. Gradient methods com-
pute first and sometimes, second derivatives.

• Constrained optimization: We look at linear pro-
gramming.

• We don’t look at constrained nonlinear program-
ming in these discussions.
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One-Dimensional Unconstrained

Optimization
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• We are interested in finding the minimum or maxi-
mum of a function of a single variable f(x).

• A function may have global as well as local optima
just like a function may have several roots in root
finding.

• We are almost always interested in finding the abso-
lute highest or absolute lowest value of a function.
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Distinguishing A Global from a Local Extremum

• In general, it is a very di"cult problem. The fol-
lowing approaches may be tried.

– For low-dimensional problems, draw the graphs
to obtain insights.

– Find optima based on widely varying and possibly
randomly generated starting guesses, and then
select the best of these as the global optimum.

– Perturb the starting point associated with a local
optimum and see if one gets a better point or
always the same point.

– In many real life problems, there is no way to
ensure that a global optimum has been found.
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Methods for 1-D Unconstrained Optimization

• Bracketing Methods: In each step of a bracketing
optimization method, including the initial step, we
consider points that bracket the optimum. Exam-
ples: Golden Section search, Quadratic Interpola-
tion.

• Open Methods: An open method starts with any
starting point.
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Golden-Section Search

• The process starts with two initial guesses xl and
xu that bracket one local extremum of f(x).

• Next, two interior points x1 and x2 are chosen ac-
cording to the golden ratio: ! =

%
5$1
2 = 0.61803:

d = ! (xu $ xl)
x1 = xl + d

x2 = xu $ d
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Golden-Section Search (continued)

• If f(x1) > f(x2), the domain of x to the left of x2,
from xl to x2, can be eliminated because it doesn’t
contain the maximum. x2 becomes the new xl for
the next round.

• if f(x2) > f(x1), the domain of x to the right of x1,
from x1 to xu would be eliminated. x1 becomes the
new xu for the next round.

• In either case, the size of the bracket is reduced.
The process stops when the bracket becomes very
small.
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Quadratic Interpolation

• Quadratic interpolation takes advantage of the fact
that a second-order polynomial often provides a
good approximation of the shape of f(x) near an
optimum.

• There is only one quadratic or parabola connecting
three points.

• If three points jointly bracket an optimum, we can
fit a parabola to the points.

• Then, we can di!erentiate it, set the result equal
to zero, and solve for an estimate of the optimal x.
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• A strategy similar to golden-section search can be
used to determine which point should be discarded
so that the steps can be repeated.



Newton’s Method

• The Newton-Raphson method finds the root x of a
function such that f(x) = 0. It uses the formula:

xi+1 = xi $
f(xi)

f !(xi)

• A similar open approach for finding an optimum of
f(x) defines a new function g(x) = f !(x).

• Because the same optimal value x# satisfies both
f !(x#) = g(x#) = 0, we can write

xi+1 = xi $
f !(xi)

f !!(xi)

to find the minimum or maximum of f(x).
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Newton’s Method

• Newton’s method is open because the initial guesses
need not bracket the optimum.

• Newton’s method may diverge.
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Multi-Dimensional Unconstrained

Optimization
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Methods for Multi-Dimensional Unconstrained

Optimization

• The visual image for 1-D search is riding a roller-
coaster whereas for 2-D, the visual image is search-
ing through mountains and valleys.

• The methods are classified as

– Direct or Non-gradient methods: These do not
require derivative evaluation.

– Gradient or Descent or Ascent methods: These
require derivative computation.
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Direct Method: Random Search

• Repeatedly evaluate the function at randomly se-
lected points. If number of samples is large, the
optimum is eventually located.

• It is a brute-force method that works for even dis-
continuous and non-di!erentiable functions.

• It always finds the global optimum.

• Major shortcoming: As the number of independent
variables grows, the method becomes slower.

• Major shortcoming: It does not take into consider-
ation the behavior of the underlying function.

• Other random search techniques: Simulated an-
nealing, artificial neural networks, genetic algorithms.
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Other Direct Methods

• Other direct methods include

– Univariate methods

– Pattern Searches

– Conjugate Searches such as Powell’s Method
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Gradient Method: Steepest Ascent
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• Basic Method: Determine the maximum slope or
gradient at your starting position and move along in
that direction. As soon as you move, the path most
likely deviates from the steepest ascent direction.

• Alternative method: Move a short distance along
the steepest gradient direction. Stop, reevaluate
the gradient and move a short distance again. Re-
peat the process. Continuous reevaluation of gra-
dient can be computationally expensive.

• Even better alternative, Steepest Ascent Method:
Move along the initial gradient until f(x, y) stops
increasing, that is, becomes level. This stopping
point becomes the starting point where &f is reeval-
uated and a new direction followed. The process is
repeated.



Advanced Gradient Methods

• Steepest Ascent reliably converges in a linear fash-
ion to an optimum.

• Steepest Ascent moves very slowly along long, nar-
row ridges because the new gradient at each maxi-
mum point is perpendicular to the original direction.

• More advanced gradient methods that converge more
quickly:

– Fletcher-Reeves Conjugate Gradient Method
– Newton’s Method in several dimensions
– Marquardt Method
– Quasi-Newton Methods such as Davidon-Fletcher-

Powell and Broyden-Fletcher-Goldfab-Shanno meth-
ods
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Constrained Optimization
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Linear Programming

• Standard form:

Maximize Z = c1x1 + c2x2 + · · · + cnxn (3)

subject to

ai1x1 + ai2x2 + · · · ainxn " bi i = 1 · · ·m (4)

and

xi ' 0 i = 1 · · ·n (5)

Constraints (4) are resource constraints. Constraints
(5) require that every variable value xi be positive.
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A Specific Linear Programming Problem

• Let us consider a specific problem to t o illustrate
the simplex method. The problem is

Maximize Z = 150x1 + 175x2 (6)

subject to

7x1 + 11x2 " 77 (7)

10x1 + 8x2 " 80 (8)

x1 " 9 (9)

x2 " 6 (10)

x1, x2 ' 0 (11)
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